We construct the velocity map images of the proton transfer reaction between helium and molecular hydrogen ions H + 2 . We perform simulations of imaging experiments at one representative total collision energy taking into account the inherent aberrations of the velocity mapping in order to explore the feasibility of direct comparisons between theory and future experiments planned in our laboratory. The asymptotic angular distributions of the fragments in a 3D velocity space is determined from the quantum state-to-state differential reactive cross sections and reaction probabilities which are computed by using the time-independent coupled channel hyperspherical coordinate method. The calculations employ an earlier ab initio potential energy surface computed at the FCI/cc-pVQZ level of theory. The present simulations indicate that the planned experiments would be selective enough to differentiate between product distributions resulting from different initial internal states of the reactants.
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I. INTRODUCTION
Molecular hydrogen ions (MHIs), in the form of H 2 + and HD + , are considered the simplest molecules in nature. This special characteristic makes them important benchmark systems to test different theories describing their fundamental properties. As members of the family of one-electron molecules, they have enormous potential in ultraprecise spectroscopy 1, 2 , and consequently, they have been proposed as a means to determine the value of fundamental physical constants, to test relativistic quantum mechanics and QED 3 , or in order to perform the construction of precise molecular clocks 4 . In astrophysics, elemental reactions involving MHIs, like the radiative association between H + and H and the proton exchange between HeH + and H, are key processes to understand the synthesis of the molecular hydrogen in the early universe 5 . They also provide the essential chemical ingredients for assessing the destruction/survival paths for the HeH + molecule in the Interstellar Medium 6 . From the theoretical point of view, investigation of proton exchange reactions have employed frequently H 2 or H + 2 as models to simplify the quantum calculations. Proton exchange reactions between H 2 + /HD + and H or He are part of the reduced group of reactions that can be studied using very accurate Coupled Channel (CC) scattering calculations.
One important reaction that has been investigated extensively during the last few decades is the proton transfer reaction between H + 2 and He [7] [8] [9] [10] [11] [12] . The former reaction is expected to occur adiabatically up to total energies of about 10 eV, making it a prototype case for comparing theory and experiment. Recently, De Fazio et al. 7 computed total integral reactive cross section from CC time-independent calculations obtaining good agreement with previous experimental data. Different experiments [13] [14] [15] [16] [17] have demonstrated that the energy stored in the vibrational modes of the ortho-hydrogen (o-H + 2 ) or para-hydrogen (p-H + 2 ) molecular ions are more efficient in promoting the reaction than the translational energy. This behaviour has been reproduced by CC calculations 7 and even by the simpler infinite-order sudden approximation (RIOSA) treatments 13 . Besides this, we have found no specific calculations using accurate CC reactive approaches that have analysed the angular distributions from the corresponding reactive differential cross sections (DCSs). It is the aim of the present paper to examine in detail just such specific dynamical observables, as we shall discuss below.
Velocity map imaging experiments have proved to be very effective for studying the el-ementary mechanisms which act in gas-phase ion-molecule reactions. The title reaction is indeed among the most suitable candidates for this kind of experimental analysis owing to the clear mass differences between the charged fragments. The additional and significant advantage of this technique is its capacity of resolving individual reaction products irrespective of their scattering angle or velocity magnitude [18] [19] [20] . It is also possible to employ this method to determine scattering branching ratios which are indeed critical observables for the case of proton exchange reactions involving the HD + ion. One should also note here that during the last decade the experimentally achievable intensity of rates of product ions have increased by orders of magnitude, and therefore much more detailed investigations, with better statistical and systematic accuracy for the collected data, can now be performed 21 .
However, usually the resolution is not yet sufficient enough to distinguish among the rotational energy spacings appearing between the 3D Newton spheres formed by the products, and the resulting mixture in the velocity space needs to be very carefully unraveled in the ensuing spectra analysis. Therefore, significant numerical simulations of the experiment velocity maps should also realistically include the existing resolution of the crossed-beam imaging data that is determined by the aberration present in the velocity mapping and the actual angular spread of the two reacting beams. This aspect of the experimental situation will therefore be explicitly included in our present numerical simulations in order to better link our computational findings with possible experimental observations.
With regard to the object of the present study, i.e. the proton transfer reaction between H 2 + and He,
we would like to answer in the main, and among others, the following specific question: Is it possible to distinguish among experimental images of reactions associated with different initial rotational quantum states of the reactants? The collision energy and the initial quantum state of the reactant determine the final angular distributions of the products in the velocity map (VM). Therefore, realistic simulations that would include the intrinsic dispersion of the imaging spectrometer are useful to assess more directly the influence on the final products of the initial conditions in the reaction, and therefore manage to clarify whether or not the effects may be likely to become observable in the experiments. One of the main features which can be an observable in the VM is certainly the variation of the angular distribution of the products. that a large amount of momentum transfer to the products may occur so that backward scattering could be an important effect. Even if the reactive cross-sections can generally be described by using a full quantum treatment, the simpler description of classically impulsive collisions can also help in some cases to qualitatively understand reaction mechanisms.
In the following, we shall therefore simulate the experimental velocity images of the products that result from the exchange proton reaction between He and H + 2 which will be considered to be in different initial quantum states, aiming at identifying reaction mechanisms that could be directly observed in the real imaging experiments which are currently being planned in our laboratory. As already mentioned before, we shall include in the calculations the intrinsic aberration of our spectrometer in order to underline more directly the links between our calculated DCSs and the experiments.
We shall use time-independent CC hyperspherical coordinate method to calculate the quantum mechanical scattering matrix, from which, the state-to-state DCSs and the reaction probabilities are then calculated. The above data are therefore employed to generate the fragment distributions in the velocity space following the procedure that we shall discuss in the following sections. The calculations are based on a highly correlated reactive potential energy surface (PES) computed with FCI/cc-pVQZ level of quantum chemical theory 27 which we shall also briefly outline in the following section. This paper is structured as follows: In Section II, we provide an outline of the methodology that we have employed to compute the time-independent Scattering Matrix and the ensuing angle-dependent ingredients, i.e. the DCSs from which we shall construct the velocity maps. In the following Section III, we will discuss the outcomes from our reactive quantum scattering calculations and then we will analyze the results of our simulations once the angular distributions are presented in the format of the experimentally observable velocity maps. The conclusions will be reported in the last Section IV.
II. METHODS FOR CALCULATIONS: AN OUTLINE.

A. Quantum reactive scattering calculations
In this work, quantum scattering calculations were performed by using the standard version of the ABC code 28 . The ABC program employs a time-independent coupled channel hyperspherical coordinate method to calculate the quantum mechanical scattering matrix.
The set of coupled hyperradial equations is solved using a logarithmic derivative method.
The output of the code are the parity-adapted S-matrix elements S J,P v j K ,vjK (E) which have to be converted into the standard helicity-representation S-matrix elements S J v j K ,vjK (E) 26 .
The observables of the reaction can be computed employing the helicity-representation S-matrix elements. The quantum H 2 + (v, j) + He → HHe + (v , j ) + H state-to-state reactive differential cross sections are calculated as,
where d J K K (θ ) are reduced rotational matrices 29 , k 2 vj = 2µE/h 2 and µ is the reduced mass of the initial fragments. J is the value of the total angular momentum quantum number.
K and K are the projection of the total angular momentum vector, J, on the body-fixed z-axis of reactant and product Jacobi coordinates.
The state-to-state integral reactive cross sections are then defined as
The helicity averaged reaction probability is defined by
One can also sum and average over the final and initial helicity quantum numbers to determine the averaged reactive differential cross section,
In the present and the following sections we shall omit the arrangement labels from all equations since everything will refer to a single reaction. It is also convenient to refer to the scattering angle of the molecular product in the center of mass as θ = π − θ , and therefore we adopt this notation from this point onwards.
B. Velocity map simulations
In our simulation we analyze 30000 reactive collisions in which each fragment follows the probabilities dictated by equations (4) and (5). If the initial collision energy is well defined, then the final velocity of the ion HeH + (j , v ) is completely determined and it defines a sphere in the velocity space with the origin in the center of mass of the complex HeH 2 + .
The probability for the fragment to end on the surface of such sphere is determined by the state-to-state integral reaction probability given by eq.(4). Then the orientation of the velocity vector is selected from the angular distributions provided by the state-to-state DCS (5) .
Once the point is located in the VM, one still has to include the aberrations of the velocity mapping. To characterize the resolution of the electric field configuration, we calculate the radius of the impact position and the time on the detector by means of a Taylor expansion 18 ,
where X denotes either the spatial coordinate R on the detector surface or the time-of-flight to the detector τ . The vector v = (r, z, v r , v z ) describes the ion position and velocity before the electric field of the VMI spectrometer is activated 30 . The points of origin for r and R are located on the symmetry axis setup of our spectrometer 18 . The origin for the z-direction is located in the middle between the two lowest plates of the setup, 8 mm above the lowest one. The time-of-flight τ is measured relative to the arrival time of a particle at rest that is starting at r = 0 and
represent the respective first and second order matrices of partial derivatives. These matrices were computed for our VMI setup using numerical calculations with SIMION 31 . The matrix entries depend on the mass of the particle for which they are determined.
In the simulations we have considered typical experimental conditions to compute the deviations of the points in the VM. For the proton transfer reaction considered here, the standard deviation of the initial ion energy was 0.1 eV, while the standard deviation of ion angle and the neutral angle are 1.0 • and 4.1 • , respectively.
C. The reactive potential energy surface.
Here we have used the most recent reactive PES computed for the present reactive system. The details of its evaluation are described extensively in reference 27 . The surface was obtained at very high level of quantum chemical calculations, using the MRCI approach that included all single and double excitations from the initial CASSCF space. The calculated ab initio points were fitted using the Aguado-Paniagua many-body expansion 32 in which the PES of the triatomic system ABC can be expressed as a sum of three monoatomic terms
AC ) and one 3-body term (V 3 ABC ). The latter term is defined as:
where the optimal fitting was found by setting the parameter M = 8 for those geometries at FCI/cc-pVQZ level of theory. Here M is an order index of the expansion of a product function that decays exponentially with the distance and is defined in the reference. The fitting of the FCI/cc-pVQZ surface turns out to be very accurate and it has been suggested as a promising potential for further dynamics studies 27 .
The contour plots of the reactive PES as a function of the different Jacobi coordinates are shown in Fig.(1) for reactants and products. The plots evidence the strong anisotropic difference between the interaction of the different fragments, suggesting that the most probable reaction pathway is characterized by linear geometrical configurations in both reactant and product spaces, with H pointing toward the hydrogen atom of HeH + when the reaction fragments recede from each other. The PES shape in the reactant space clearly indicates that the "abstraction" mechanism that forms the HeH + on the external region of the rotating H 2 + should be the predominant one in the reaction, as it has also been demonstrated for the inverse reaction 33 .
The Reaction (1) turns out to be an endoergic reaction that is quickly promoted by increasing the collision energy above the threshold. We show in Figure 2 the endoergicity of the reactions and all the ro-vibrational levels of HeH + (j , v ) that are opened at 1.5 eV, the total collision energy used in our simulations. The initial ro-vibrational energy levels considered in this work for the reactants p-H + 2 and o-H + 2 are also depicted on that figure. We study only reactions that start with the reactants in the lower excited rotational states, e.g. j ≤ 7 and v = 0. In this situation, the initial kinetic energy of the fragments supplies most 
III. COMPUTATIONAL RESULTS: A LINK TO THE EXPERIMENTS
In this section we intend to analyze in some detail reaction (1) in order to unravel its nanoscopic behavior from a computational study of its reactive DCS and from linking such dynamical observables with VM simulations obtained from possible specific experiments.
We have computed the S-matrix of the reaction using the accurate PES presented in the maximum values of the the helicity quantum number is K max = 12, the maximum rotational quantum number of any channel is j max = 26, the maximum hyperradius is ρ max = 15 a 0 , and the internal energy in any channel is e max = 2.3 eV. The selection of the above total energy values for the present calculations was suggested by the desire to run our numerical modeling under typical conditions of future experimental observations, whereby the endothermic reaction is fully energetically accessible and several cases of different reagents'
and products' internal energy distributions could be analyzed. [7] and computed with the RFCI PES (the same PES used in the present work)
b ICS from reference [7] and computed with the RMRCI PES Our calculations of the total integral reactive cross sections are in excellent agreement with reference 7 and with one of the most recent experiment 17 . Some of our ICS are presented in table I; they basically reproduce some of the ICSs presented in Figure 2 and 5 of reference 7 .
Those authors indicate in their work that they have found better agreement with the existing experiments results for reactions that occur between He and the ion H (ii) The corresponding velocity maps indicate an additional effect from the reaction dynamics: when molecular products are obtained in the first rotational levels of both v = 0 and v = 1 vibrational states, the reaction is largely producing them in the forward direction.
However, when the final ionic product is obtained rotationally excited with j > 9, we found that the backward scattering is promoted. can be used in this case as well. However, the explanation of the specific differences observed for each state-to-state DCSs of Figure 4 is more complex. The specific differences between state-tostate non-reactive, inelastic DCSs have been explained by the "Fraunhofer theory"
34 . For reactive collisions, these effects may also be introduced by using statistical treatment based on correlation theory 35 . The possible application of the above approach will however be attempted in a future, separate publication.
Is it also possible to distinguish among experimental images of reactive collisions between ions prepared in the first initial vibrational excited state v = 1 but at different rotational quantum states (see Figure 5 ). In this situation, the main effect is that the images broaden The mechanism of the reaction can also be understood by finding the preferred direction of attack between the reactants. We have already mentioned in Section II C that the geometrical configuration between He and H + 2 during initial approach seems to be a key aspect in the reactive process. In an earlier study of ours on the inverse reaction 33 , it was suggested that differently rotationally excited reagents could selectively drive the products either through an "abstraction" mechanism or an "insertion" mechanism, with different angular distributions of the corresponding products.
The effects caused on the present reaction by the initial orientation between the fragments can therefore also be studied by performing stereodynamics calculations. In Figure 6 we present the contribution to the total DCSs of two different rotational states of o-H He, one hydrogen in turn hits back its identical partner, thereby losing most of its extra momentum in the direction of attack. Thus, it becomes more likely to be trapped by the He partner. The second Figure 6 .b shows the contribution of the rotational states described by helicity quantum number K = 1. In this scenario, the molecule has the propensity to be orientated perpendicularly to the direction of k, and therefore the helium atom will face in its approach the leading repulsive wall of the T-shape configuration (see Figure 1 ). This approach is certainly less efficient to promote the reaction and therefore their related reactive DCSs are one order of magnitude lower than those describing the abstraction mechanism in the panel 6.a. Similar ideas may be employed to describe the reactions that occur when the reacting molecular ions are in their first excited vibrational state ( Figure 6 .c and 6.d ).
In this case we also observe the reduction of the backward flux, an effect on the reactive scattering that was already described before in this section.
IV. CONCLUSIONS
In this work we have simulated, using ab initio quantum scattering calculations, experimental VM images of the proton transfer reaction between He and H + 2 . We have found that it is feasible to distinguish among experimental images of reactions associated with different initial rotational (or vibrational) quantum states of the reactants. The experiments might then be able to verify some of the reaction mechanisms predicted by the quantum reactive calculations. The above findings could become experimentally possible as a result of the peculiar angular dependence of the reactive DCSs on the quantum initial states of the reacting molecular ion. We have observed, in fact, that the images of the VM broaden in the forward direction as the initial rotational quantum number of H + 2 increases, in agreement with the behaviour of the DCSs.
We have further provided in our present discussion a series of qualitative interpretations of this behaviour by linking it to specific features of either the stereodynamics or the length of the times on interaction between reacting partners. From those considerations we were able to observe in the VM simulations that the reactive flux increases into the backward scattering with the decreasing of the initial vibrational quantum numbers of H + 2 . Finally, we have additionally determined the geometrical configurations of maximal reactivity by performing stereodynamical quantum calculations.
In the future we intend to extend this study to the isotopologue HD + in order to assess possibly detectable isotope effects in the reaction with He. In this case, the combination of VM experiments and accurate calculations of the reactive DCSs may reveal new interesting reaction mechanisms, thus providing additional observables like the branching ratio of the reaction between the two available isotopic products. 
